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Abstract. The density matrix resonant two-photon absorption (TPA) theory applicable to laser
crystals doped with rare earth ions is described. Using this theory, resonant TPA cross sections
for transitions from the ground state to the second excited state of the 4f5d configuration in
Pr3*:Y 3Al50;; are calculated. The peak value of TPA cross section calculateths 20~>0 cni* s

which is very close to the previous experimental value 20~ cnt* s. The good agreement of
calculated data with measured values demonstrates that the density matrix resonant TPA theory
can predict resonant TPA intensity much better than the standard second-order perturbation TPA
theory.

1. Introduction

Two-photon absorption (TPA) is a fundamental kind of frequency-upconverted process in laser
crystals [1,2]. Since the invention of the laser, studies of frequency-upconverted processes
in laser crystals doped with trivalent or bivalent rare earth ions have never been discontinued
[3—6]. Upconversion pumping may lead not only to the development of new laser schemes
that cannot be excited through conventional optical pumping, but to obtain lasers at new and
shorter wavelengths. Inthe last few years, therefore, more and more research have been carried
out in exploration of upconversion mechanisms and upconversion lasing [7—10]. Srahrt
[11] have reported frequency-upconverted visible lasers at room temperatuféiorRioped
fluorozirconate fibre based on TPA processes in which two infrared pumping lights are used.

The trivalent praseodymium ion P} play a very important role in the understanding of
optical and spectroscopic properties of rare earth impurity ion-activated insulators. What is
more, for P#* the broadband inter-configuratior?4f> 4f5d transitions can offer the potential
applications for tunable laser action at near ultraviolet wavelengths. Due to high-lying 4f5d
energy levels as compared to those in tHec#ifiguration, it is difficult to realize 4f— 4f5d
transitions in this ion by conventional light sources. Hence, the utilization of TPA pumping is
an appropriate means of coping with this difficulty.

In order to give a more clear insight into the understanding of the properties of TPA
processes in Bt and other rare earth ions doped in laser crystals, characteristic physical
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quantities, such as TPA cross sections, are required. Gayaifil2] measured some typical
cross sections of resonant two-photon transitions from the ground state of toafiguration

to the lowest state of the 4f5d configuration ofPin yttrium aluminium garnet, YAlsO»

(YAG). In their following paper [13], they comprehensively measured resonant TPA cross
sections for transitions from the ground state to the second excited state of the 4f5d configuration
in Pr¥*:YAG when resonating the excitation energies with Stark levels otfhéJ = 0, 1, 2)
andllg intermediate states. In addition, the peak cross section for non-resonant TPA of the
lowest 4f — 5d near-ultraviolet transitions in €eCaF, have also been estimated by Gayen
and Hamilton [14]. Some cross sections of non-resonant TPA within thedififiguration

of Gd®*:LaF; and N&*:YAG/LiYF 4 were experimentally obtained by several groups [15-17].
Up to now, however, there is a scarcity of experimental cross section data for TPA of rare earth
dopant ions in most laser crystals in common use. So, it is very significant to theoretically
calculate them.

The standard second-order perturbation theory for two-photon transitions is described by
Loudon [18]. Based on the Judd—Ofelt theory [19, 20], Axe [21] developed a second-order
approximate method to evaluate the line strengths of intra-4f TPA transitions for rare earth
ions. It has been demonstrated that Axe’s theory can successfully explain the allowed TPA
that obey the selection ruleA§ = 0, AL, AJ < 2) [17,21, 22]. In principle, the sum of the
intermediate states in the TPA theory includes all the electronic states of various configurations.
Generally speaking, it is not possible to perform the complete sum over the intermediate states.
For rare earth ions, the main intermediate states belong to the configuratfoamsdiff’ —15d
[17,23]. This is certainly the case for the non-resonant TPA transition. For the resonant
transitions, however, the resonant intermediate state can be taken as the only intermediate
state because of its dominant contribution to the TPA processes. The second-order photon—
electron interaction involving the resonant state will be much larger than the higher-order
perturbation interactions. In the case of resonance, therefore, the frame of the second-order
two-photon theory is adequate to describe the TPA intensities. This can be seen from [13]
where a basic agreement between the theoretical and experimental cross sections of resonant
f — d transitions in PY":YAG are obtained by Xiet al using the standard second-order TPA
theory.

It can also be seen from [13] that there exists a discrepancy between the theoretical
and experimental cross sections, i.e. that the experimental value is five times larger than the
theoretical one for the TPA transition resonating with the intermediate state of the lowest Stark
level of the®P, state. Inthe present paper, we introduce the density matrix resonant TPA theory
developed by Fujimura and Lin [24] and Lt al [25] for molecular systems, and we present
the means to apply this theory to laser crystals doped with rare earth ions. After that, by using
this theory, we calculate resonant TPA cross sections, measured in the literature [13] by Xie
et al, for transitions from the ground state to the second 4f5d state involving resonant Stark
levels of the®P; (J = 0, 1, 2) andlg intermediate states in PrYAG. The density matrix
resonant TPA theory is also a second-order perturbation theory. The purpose of this paper is
to describe a more accurate second-order TPA theory, in which lattice vibration effects, such
as the phonon frequency and the dimensionless displacement between transition states, of rare
earth ions doped in laser crystals are considered.

2. Theoretical methods

Based on the density matrix theory in the Markoff approximation [25], the transition probability
of TPA is separated into three terms: simultaneous, sequential and their mixing terms. In most
cases the mixing term can be neglected. Therefore, the total transition prob&biityr PA
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equals the sum of the simultaneous teify,, and sequential teri,,, as shown below. In
the displaced harmonic oscillator model, the transition probability of the resonant TPA for a
single vibrational mode in the low temperature limit can be expressed as [24]
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where, in the surrounding braces, the first part corresponds to the contribuigp,0find the
second part to the contribution @f,.,. Suffixesa, m andn denote the initial, intermediate and
final states of the transitior,, ande,, are energy levelgy; andw, are the photon frequencies
absorbed in TPA and; and E; are the electric field strengths in the light beamsatnd
wy In vacuum. w is the vibrational frequencyA,,, and A,,, represent the dimensionless
displacements between the equilibrium points of the intermediate and final states, and the
intermediate and initial states, respectively. In equationl{i)is referred to as the dephasing
constant related to the statésafid j). In other words[';; is the interval between the centre
frequency at the maximum transition intensity and the frequency at half-maximum intensity.
From the viewpoint of spectroscopy, it means the Lorentzian half-width at half-maximum
(HWHM) breadth of the transition between the related states. In this equation, the population
decay constarit,,,, of the intermediate state has the same order of magnitude and unit as those
of I';ua. T €aN be set to be equal to the valudyyf, .

Utilizing the Judd—Ofelt theory [19, 20], the module square of electric dipole transition
moment| M;;|*> between the statésand j within 4f¥ configuration can be calculated by

1

1
12 == )2
M2 = 32“162,:224:69"[]” | 2)

where the factor A3 results from the average of directiornisis the total angular momentum
quantum number of the initial state. In fa¢is;;|? expressed in (2) represents the dipole
moment between all the Stark levels of the ground stéssuming all are equally populated)
and the statg. Q, are the intensity parameters of the laser cryﬂfs}?, are the reduced-matrix
elements of the unit tensor operatdf’ of ranks between the statésandj. The parameters
of Q,, Q4 and Qe in PP*:YAG are 0, 1220 x 1072 and 827 x 1020 cn?, respectively,
measured by Malinowskit al[26]. The values ofUl.(;) |2 for Pr** are obtained from [27]. The
4f — 5d inter-configurational transition moment can be estimated using the radial integral
(4f|r|5d) which was calculated to be 0.778 atomic unit for th&' Run [28].

In addition, considering Lorentz-local-field correction for the electric field strength in the
laser crystal [29], the refractive index factr = [(n2 + 2)2/(9n2)]? should be multiplied
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into the transition probability expression, whereis the refractive index of the crystal and it
changes with the incident wavelength [30].
According to the definition, the TPA cross sectipiis written as [31]

ﬁzwla)zW
=— 3
1115
whereW is the TPA transition probability anfi andl, are the pumping laser intensities at

w1 andw,, respectively. The unit of is cnf s. In air, light intensityl in (3) is proportional
to the squares of the electric field strengths through the relation

I = Leoeny|E|? (4)

whereE is the electric field strength of the light beam in a vacudgiandc are the dielectric
constant and the velocity of light in vacuum, respectively, ani the refractive index of air.
When the TPA probability W is written as the forgi E1|?| E2|>W’, the TPA cross sectiom
in the laser crystal can be expressed as
2R2wiwax W'
o=———"". ®)
TEGnLC

Because of the independence on the pumping laser intensities, the cross section is more suitable
to be used to describe the TPA processes than the transition probability.

Table 1. Values of parameters used to calculate the resonant TPA cross sections for transitions from
the ground state to the second excited state of the 4f5d configuratiof'iY&RG with equations
(1) and (5); see text for identification of constants.

Constant  Value Reference
Cha 85.5¢cnT!  [13]
TCha 6575 cnrt [13]
Coun 6575 cmrt [13]
Coum 85.5¢cnt!  [13]
1) 350 cnrt [33]
Apa 0.32 [33]
Anm 3.54 [33]

To calculate the TPA cross section using equations (1) and (5), the values of parameters
[ij, Tum, @ and A;; are required. For resonant TPA transitions if"PYAG under study,
all these values are listed in table 1. The HWHM linewidith can be determined directly
from the data of linewidth in [13], measured by >éeal by one-photon absorption spectrum.
In rare earth ion doped laser crystals, because of the strong coupling of electron—phonon,
the radiationless phonon transition will interfere with TPA processes and, in particular, the
sequential TPA processes. Moreover, unlike the case of atom, the electron transition between
two states of a doped ion in laser crystals, especially the inter-configuration transition, may
cause a change of distance between the ion and the ligand. These two kinetic effects will make
to some extent impacts on TPA in crystals. As can be seen in equation (1), the parameters
related to the two processes, i.e. the vibrational frequency and the dimensionless displacement,
are involved in the density matrix TPA theory. In the single vibrational mode approximation,
the vibrational frequency corresponds to the effective frequency of phonons in the crystal
[32, 33]. For the 4f— 5d transition in Pt":YAG, «» = 350 cnt?! [33]. The typical values of
the dimensionless displacementg, andA,,, for Pr*:YAG are, respectively, 0.32 and 3.54,
which are determined from the literature [33] on the assumption that the effective degenerate
factor of the effective phonon mode is unity.
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3. Results and discussion

Making use of values of parameters given above and equations (1) and (5), we calculate
resonant TPA cross sections for transitions from the ground state to the second 4f5d state in
Pr?*:YAG. The calculated TPA cross sections together with corresponding experimental results
are presented in table 2. In order to understand clearly the contributions of simultaneous and
sequential terms, their respective cross sections are also listed in this table. As can be seen
from table 2, most values of total cross section calculated are in good agreement with those
determined experimentally. For example, the peak TPA cross section actually measured at the
excitation energy of 22123 cr is found to be 4 x 1079 cnt* s [13] and our theoretical

value is 275 x 107°9 cm* s. Compared with the theoretical resul86 10-°° cm’* s also
estimated by Xieet al [13] in terms of the standard second-order perturbation description, it

is obvious that the density matrix TPA theory employed in this paper can very well reproduce
the experimental results. For another higher peak cross section at the excitation energy of
20503 cnr?, the calculated value.B87 x 107%° cm* s is in much closer agreement to the
measured value.8 x 10~ cnt* s.

Table 2. Calculated cross sections of resonant two-photon transitions from the ground state to the
second excited 4f5d state in¥rYAG and comparison with previous experimental results.

Calculated cross section .
Experimental

Energy Simultaneous Sequential Total cross section [13]
Intermediate state (cnd) (100 ¢cnt* s) (109 cnt* s) (109 cnt* s) (109 cnt* s)

3Py 20503 1.06 2.11 3.17 3.8
20554 1.07 2.12 3.19 3.0
3py+ g 20816 0.43 0.86 1.29 0.5
21005 0.44 0.87 1.31 1.2
21057 0.44 0.88 1.32 1.8
21134 0.44 0.88 1.33 14
21691 0.47 0.93 1.40 1.7
21884 0.48 0.95 1.43 12
3p, 22123 0.92 1.83 2.75 4.0
22311 0.93 1.86 2.80 1.6
22588 0.96 191 2.87 0.9

In addition, it is shown in table 2 that the simultaneous and sequential TPA cross sections
offer basically close contributions to the total cross section for the resonant case as conforming
to the indication given by Fujimura and Lin [24]. In our calculations, it is found that the ratio
of simultaneous to sequential contributions is mainly dependent on the two parafgtansl
I',... Due to the specific data of these parameters in the problem, the ratio is approximately
0.5, which can be seen directly from table 2.

The YAG crystal has a cubic space—grouﬁ’@ymmetry. The Pf dopant ions substitute
for Y3* ions in point-group B symmetry sites [34]. According to the group theory, e
and!lg manifolds split three and thirteen Stark levels, respectively, the positions of which
were determined by Malinnowskt al [35]. In the TPA experiment of Xiet al [13], just
six resonant TPA peaks are found to belong to the intermediate 3Rate 1. Of them
there are at least three peaks resonating with hatermediate state. When the values of
|Ui(})|2 (see equation (2)) related to thk state are used, the calculated values of the six
TPA cross sections, as shown in table 2, are all very consistent with the measured values.
By comparison, if using the values ﬁﬁi(;)|2 related to theP; state, the six calculated data,
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Figure 1. Composite graph of curves of calculated total cross section for two-photon absorption
transitions resonating with eleven Stark levels split fronPe(J = 0, 1, 2) andg intermediate

states listed in table 2 and the corresponding experimental spectrum measured in [13]. The full
curve denotes the calculated curve and the broken curve denotes the experimental spectrum.

which are in the range of.23 x 10-5°-358 x 10-% cnt* s, involve much larger deviations

from the experimental data. Based on our theoretical results, therefore, it can be inferred that
all of the six TPA peaks involving in th&P; + 1lg state observed in the experiment [13] are
actually resonant with the Stark levels of tHg manifold. This needs further experimental
verification.

The Stark splitting is caused by the crystal-field interaction [36]. So, in order to minutely
investigate the relative values of TPA cross sections resonating with Stark levels split from
the same manifold, that is to much more accurately reproduce the experimental results listed
in table 2, the crystal-field correction should be added to the density matrix TPA theory used
in this paper. The reason for larger deviations between the theoretical and the experimental
TPA cross sections at 20816, 22 311 and 22 588'dsinot explicit yet. Perhaps it is due to
characteristics of crystal-field in PrYAG.

In the region of 420-510 nm (19603-23810 dinof excitation wavelength, the
composite graph of curves of calculated total cross section for TPA transitions resonating with
eleven Stark levels listed in table 2 is presented in figure 1. For comparison, the experimental
TPA spectrum measured in [13] in the same region of wavelength is also shown in this figure.
Because the density matrix TPA theory employed here is much more applicable to the case of

resonance than to the non-resonant case, some peak values at the resonant intermediate state

energies as shown in figure 1 are influenced by the addition of a non-resonant cross section
with larger computational errors. Hence, they are higher than the calculated and experimental
data listed in table 2. However, it can be distinctly seen that the outline of the theoretical
composite graph is basically consistent with that of the experimental TPA spectrum.
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4. Conclusions

In this paper, the density matrix resonant two-photon absorption theory applicable to laser
crystals doped with rare earth ions has been described. As an example, the resonant TPA
cross sections for transitions from the ground state to the second excited state of the 4f5d
configuration in P¥:YAG are numerically calculated by using this theory. For the TPA peak
cross section, the calculated valug®x 10-°° cm* s is very consistent with the experimental
value 4x 10-°0 cn* s. The good agreement of the calculated data with the measured values
demonstrates that the density matrix resonant TPA theory, in which the phonon frequency and
the dimensionless displacement between the ion and the ligand caused by the lattice vibration
are considered, can predict resonant TPA cross sections much better than the standard second-
order two-photon theory. The density matrix resonant TPA theory is a powerful and simple
theoretical tool to seek upconversion laser based on TPA processes in laser crystals.
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